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An energy principle for hydromagnetic stability problems

By I. B. BErNSTEIN, E. A. FriEMAN, M. D. KRUsgAL AND R. M. KULSRUD
Project Matterhorn, Princeton University

(Communicated by S. Chandrasekhar, F.R.S.—Received 18 April 1957—
Revised 26 August 1957) ‘

The problem of the stability of static, highly conducting, fully ionized plasmas is investigated
by means of an energy principle developed from one introduced by Lundquist. The derivation
of the principle and the conditions under which it applies are given. The method is applied to
find complete stability criteria for two types of equilibrium situations. The first concerns
plasmas which are completely separated from the magnetic field by an interface. The second
is the general axisymmetric system.

1. INTRODUCTION

The investigation of hydromagnetic systems and their stability is of interest in
such varied fields as the study of sunspots, interstellar matter, terrestrial magnetism,
auroras and gas discharges. An excellent summary and bibliography of these
applications has been given by Elsasser (1955, 1956). The stability of hydromagnetic
systems has been extensively investigated in a fundamental series of papers by
Chandrasekhar (1952 to 1956). :

The present work is concerned with those hydromagnetic equilibria in which the
fluid velocity at each point is assumed to vanish. It is divided into two parts. The
first is a development of an energy principle, originally stated by Lundquist (1951,
1952), for investigating the stability of such systems. The second part consists of
the application of this principle to obtain a number of specific results for such
systems.

The ‘normal mode’ technique is the usual method for the investigation of stability
in many systems, mechanical, electrical, etc. It consists of solving the linearized
equations of motion for small perturbations about an equilibrium state. The system
is said to be unstable if any solution increases indefinitely in time; if no such solution
exists, the system is stable.

The energy principle technique, on the other hand, depends upon a variational
formulation of the equations of motion. It was first used by Rayleigh (1877) in the
calculation of the frequencies of vibrating systems. Its advantage lies in the fact
that if one seeks solely to determine stability, and not rates of growth or oscillation
frequencies, it is necessary only to discover whether there is any perturbation which
decreases the potential energy from its equilibrium value. This makes practical
the stability analysis of much more complicated equilibria than the normal mode
method.

In §2 are presented the basic equations for a plasma and the conditions under
which they are valid. These equations are then linearized in the Lagrangian repre-
sentation. In §3, the energy principle is stated and derived from the normal mode
equations for the system. The relation between the energy principle and Rayleigh’s
principle (Rayleigh 1877) is discussed.
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18 I. B. Bernstein and others

In §4, some convenient methods for applying the energy principle to general
problems are described. In § 5, the problem of the stability of a fluid in which the
magnetic field is zero and which is surrounded by a vacuum magnetic field is solved.

Section 6 treats the stability of a general axisymmetric system. The problem is
reduced essentially to the solution of an ordinary second-order eigenvalue equation.
In certain limiting situations the problem is solved completely.

2. BASIC CONSIDERATIONS

Consider a plasma of electrons and of one kind of positive ion which is governed
by the following system of equations:

pg=~gradp+ij—pgrad¢, (2-1)
%§+div (pv) =0, (2-2)
E+vxB =0, , (2:3)
(%+V.grad) (pp~7) =0, (2-4)

0B
curlE = — (2-5)
curl B =j, (2-6)
divB = 0. (2:7)

Let E be the electric field, B the magnetic field, j the electric current density,
p the mass density, M the ion mass, p the pressure, ¢ the external potential energy
per unit mass, y the ratio of specific heats, ¢ the magnitude of the electronic charge
and v the fluid velocity. The equations are written in rationalized Gaussian units
with ¢ = 1.

The above equations apply if the following conditions are satisfied: (i) Quadratic
termsin v and j are negligible. Physically, this is equivalent to the requirement that
the macroscopic speed v is small compared to sound speed ¢, = (yp/p)} or to hydro-
magnetic speed ¢, = B/y/p. (ii) The system is locally electrically quasi-neutral.
This occurs if the Debye shielding distance A;, = (k7),/ne?)? is small compared to
every characteristic dimension L of the system. (iii) The ratio of the electron mass,
m to the ion mass, M is negligible compared to unity. (iv) The matter stress tensor
isisotropic. This occurs if there are many collisions during a characteristic time, ,.
The effect of relaxing the requirement of isotropy of the stress tensor is considered
in § 3. (v) The displacement current is negligible. This holds if ¢,, is small compared
to the speed of light. (vi) Heat flow by conduction, along the lines of force as well
as across the lines, is negligible. This implies the adiabatic law (2-4). It is shown in
§3 how this law must be modified if conditions (iv) and (vii) are not satisfied.
(vii) Ohm’s law in the form of equation (2-3) is valid.

Spitzer (1956) gives the complete generalized Ohm’s law which may be written

in the form

E+v><B—]—ggradqb—ﬂj—ﬁg‘-———l—gradpi—ga—v= 0.
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The electron inertia term (m/ne?)9j/ot is negligible when (£,)~* is small compared
to the electron plasma frequency w, = (ne?/m)t. The ion inertia term (M e) ov/ot
is negligible when (£,)~! is small compared to the ion Larmor frequency eB/M. The
electrical resistance term #j is negligible when the time characteristic of relative
diffusion of matter and magnetic flux is long compared to #,. The terms involving
grad ¢ and gradp, are negligible when a;c,/Lv<1, where a; is the ion Larmor
radius. Spitzer has pointed out that this criterion is not satisfied in general for fully
ionized plasmas. In particular, for equilibrium states in which » is zero, the criterion
fails. The effect of keeping these terms is discussed in § 3 where it is shown that the
stability criteria are not affected by their inclusion.

The set of equations above implies relations between quantities on adjacent sides
of an interface, either interior to the fluid or between fluid and vacuum. Denote by
n the unit normal to the interface, by K the surface current density, and by (X the
increment in any quantity X across the boundary in the direction n. For a fluid-
fluid interface the relations are

(p+1B =0, (2:8)
n.{v) =0, (29)
nx(E) =n.vw(B), (2-10)
n.{B) =0, (2:11)
nx{(B) =K. (2-12)

For a fluid-vacuum interface equation (2-9) is meaningless, but the remaining
relations apply with v taken to be the fluid velocity.

The region of interest can often be considered surrounded by a rigid, perfectly
conducting wall. At such a boundary the appropriate conditions are

nxE =0, (2-13)
n.oB/ot = 0, (2-14)
n.v=_0. (2-15)

A further condition which must be satisfied at any interface carrying a sheet
current, but no sheet mass, is that the lines of force of the magnetic field lie in the
interface. This arises from the fact that refraction of the lines of force would give
rise to infinite accelerations in the surface due to the unbalanced tangential forces.
Throughout this paper, only surfaces of discontinuity will be considered at which
the condition n.B = 0 is satisfied. This is the boundary condition of interest, for
example, for a confined plasma in which gravitational effects are negligible.

It can be shown that the system of equations above possess an energy integral

U =fd’r(%p|v|2+% |B |2+£~i+p¢) = constant, (2-16)

where the integration is extended over the whole domain, fluid and vacuum.

It is convenient in later exhibiting the energy principle for the linearized form
of the above equations to adopt a Lagrangian description of the fluid motion.
Accordingly, all quantities are now considered to be functions of r,, the initial

2-2



20 1. B. Bernstein and others

location of a fluid element, and of ¢, the time. Let the displacement vector §(r,,t)
be determined by r=r,+E, (2:17)

where r is the location of the fluid element at time £. Clearly g(r,, 0) is zero. Define
grad, to be the gradient operator with respect to r,. The usual chain rule of differ-

entiation yields grad = grad r,.grad,. (2-18)
To first order in § equation (2-18) becomes
grad = grad,— (grad,§).grad,. (2-19)

Consider systems which are passing through a configuration of static equilibrium
at time zero. The equilibrium equations are

grady py—jo X By +pograd, gy = 0, (2-20)
curl B, = j,, (2-21)
div,B, = 0. (2-22)

The equations determining the various perturbed field quantities at r to first
order in § are determined by linearizing (2-1) to (2-6). There results on combining
(2-3) and (2-5) and integrating in time,

B =B,+0Q+§.grady B, (2-28)
where Q = curl, (§ x By). (2-24)

Equations (2'6), (2-2), (2-4) and a Taylor expansion of the external potential

yield, respectively,

i = Jo—[(grad, §) . grady] x By + curl,Q +ourl [(€..grady) B],  (2:26)

p = Po—podivy§, (2-26)
P = Po—YPdivyE, (2-27)
$ = ¢o+§.grad, ¢,. (2-28)

The above equations are the first-order Lagrangian counterparts of (2-2) to (2-6).
Note that they involve £ but not €, where a dot indicates differentiation with respect
to time. It can be shown that this property of depending on & but not  holds for
the expression of grad, B, j, p, p and ¢ to all higher ordersin . Finally, the equation
of motion (2-1) takes the form &

& oik = FiE), (2:29)

where

F{€} = grad, [yp,div, & + (§.grad,) pel +3o
x Q =B, x curl, Q + [div, (p,&)] grad, ¢,. (2-30)
Note that F also depends only on & and not on &.
Note that (2-29) with appropriate initial and boundary conditions determines &.
Equations (2-23) to (2-28) then determines the perturbed field quantities.
The boundary conditions at an interface between a plasma and a vacuum are
given by transcribing (2-8) to (2:12) to first order §. Introduce the first-order
vacuum vector potential, A, where

B= _%?--i-ﬁo and B =curlA+ ﬁo, (2-31)
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and vacuum quantities are distinguished when necessary by a circumflex. The gauge
has been chosen so that the scalar potential vanishes. Then from (2-8)

—ypodivy E+ B,.(Q +[§.grad,] By) = ﬁo. (curl A +[E.grad] ﬁo). (2-32)
It follows from (2-11), (2-10) and (2-3) that
n,x A = —(n,.5) B,. (2-33)
Of course, A must satisfy the equation
curl (curl A) = 0 (2-34)
in the vacuum.
Equations (2-33) and (2-34) serve to determine curl, A in terms of §, so that (2-32)

is the only constraint on §. The linearized counterpart of (2-13) which holds at a
rigid, perfectly conducting wall bounding the vacuum is

fixA =0. (2-35)
At such a wall bounding a fluid, the condition is

n.g =0. (2-36)

3. THE ENERGY PRINCIPLE

On the basis of § 2, it is possible in principle to follow in time any small motion
about an equilibrium state in which the fluid velocity is zero. The central problem
of this paper is to determine for a given equilibrium configuration whether such a
small motion grows in time. If we confine ourselves just to the question of the
determination of the stability of a system and do not inquire into details of the
motion, the problem may be reduced to examining the sign of the change in the
potential energy as a functional of §. It will be shown in this section that
the system is unstable if, and only if, there exists some displacement ¥ which
makes this change in energy negative.

The demonstration demands that F ((2-30)) be a self-adjoint operator. That is,
for any two vector fields § and » satisfying (2-32)

JdTon.F{g} =deOE.F{n}. (3-1)

The self-adjointness property of ' could be proved directly, but will be shown more
simply to follow from the existence of an energy integral for the linearized system in
which terms in the form of a product of § and § do not appear. Such an energy in-
tegral for the linearized system is guaranteed in the case v =0 by the energy
integral, (2-16), for the exact equations. In fact, the kinetic energy term for the

linearized system is just L 1 .
K58 = afdfopola i (3-2)

while, when the potential energy terms are expanded in §, the change in the poten-
tial energy is a quadratic form SW{E, €} which does not involve & because of the
remark following (2-28). Hence,

K{E,E}+oW{E,E} (3-3)
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is constant. One obtains from the equation of motion (2-29)

K= deog. F{E} = — oW
- W E-SWEE). (34

Since & satisfies the same boundary condition as €, we can choose & to be equal to
any arbitrary displacement n. By (3-4)

Jang. g - [ang.Pg) (35)

and F is self-adjoint. Further the potential energy is

oW =3 f dr,E. FE), (3-6)

as seen by replacing € by £ itself in (3-4).
Since the time does not appear explicitly in (2-29), one seeks normal mode
solutions of the form

gn(ro’ t) = gn(ro) elont, (37)
The corresponding eigenvalue equation is
_‘”ipogn = F{gn}’ (3-8)

where g, satisfies the boundary condition (2-32). Since F is self-adjoint the eigen-
functions §, can be chosen to satisfy the orthonormality condition

1
Ede()pOgn . gm = 8nm (39)

It is physically reasonable to assume that these eigenfunctions form a complete
set for any functions which satisfy the boundary condition (2-32). (The unimportant
special cases involving degeneracy of eigenfunctions will be consistently ignored.)
It further follows from the fact that F is self-adjoint that w2 is real and thus the
phenomenon of ‘overstability’ cannot occur.

Any eigenmode with positive w2 corresponds to a stable oscillation. A negative
w2, corresponds to instability. Thus, in virtue of the assumed completeness property,
the necessary and sufficient condition for instability is the existence of a negative w?.

On physical grounds one expects that if §W can be made negative then the system
is unstable and therefore, there exists at least one negative w2. To show this, let
£ be a displacement which satisfies the boundary condition (2:32) and for which
O0W < 0. By the assumed completeness property one can write

E = Zangna (3'10)
and from (3-6), (3-8) and (3-9)

oW = — %‘ IDY anamdeogn‘F{gm}

= —;Zaﬁwi (3-11)

n

Thus 6 W can be made negative if and only if there exists at least one negative
w?. Therefore, the determination of the stability of a system is reduced to an
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examination of the sign of §W. Since the displacements § which may be employed
in W are subject to (2-32), the energy principle as it stands is of limited utility.
It is possible to derive an extended energy principle which dispenses with this
constraint.

To this end one rewrites W as the sum of three terms, a volume integral oW
extended over the fluid domain, a surface integral Wy extended over the fluid-
vacuum interface and a volume integral W, extended over the vacuum region.
There results from (2-30) and (3-6) after integration by parts, suppression of the
subscript zero and use of the condition n.B = 0,

8W=6WF—%fdan.g[ypdivE+E_,.gradp—B.Q], (3-12)

where b‘%=%fdr{[Q[z—j.QxE+7p(div§)2
+(divE) (€. grad p) — (. grad ¢) div (pE)},  (3-13)

and the integral is extended, of course, over the initial volume of the fluid. Note
that the continuity of the equilibrium value of (p+%| B |?) across the boundary
implies the continuity of n x grad(p+4%|B|?). This allows us with the help of
equation (2-32) to rewrite the surface term in (3-12) as

OW — Wy = %fd(rn.g{—-‘c:.grad(p+%|B|2)+€.grad(%| ﬁ|2)+ﬁ.curlA}

1 N A
= Eszf{—(n.E)2n.grad(p+-%| B|?)—(n.E)?1i.grad (3| B|?)
—(1.%) ﬁ.curlA}. (3-14)
Further, employing (2-33) we obtain
—fdo‘(ﬁ.g) B.curl A =fdaﬁ x A.curl A
=fd?div (A x curl A)
=fd?{| curl A|2— A . curl (curl A)}. (3-15)

Thus, in virtue of (2-34) the final form of W is

OW = 0Wg+ oWy + Wy, (3-16)
where W is given by (3-13),

8WV=%fdf?|curlA|2 (3:17)

and 8%:%fdo‘(n.’é)zn.<grad(p+%|B|2)>. (3-18)

With this form for § W, (3-16), the energy principle will now be extended to dis-
placements § which do not satisfy the constraint equation (2-32). It will be shown
that if there exist § and A which satisfy (2-33) and (2-35), but not necessarily (2-32)
and (2-34), and which make W as given by (3-16) negative, then there is a § and
and A satisfying (2-32) to (2-35) which make 6W negative. Note that for the
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unrestricted § and A, W as given by (3-6) may differ from that given by (3-16) by
the addition of terms which represent the work done at the surface against the
unbalanced total pressure (p» + £ | B |*). Thus the form of W given by (3:16) must
be used for the extended principle.

In order to find A observe first that the Euler equation resulting from the mini-
mization of §W, ((3-17) with the constraint conditions (2-33) and (2-35))is curl2A = 0
((2-34)). Therefore, if A does not satisfy this equation, A can be chosen to satisfy
it and certainly decrease ¢ W}, thereby.

To complete the proof it remains to find &. This is accomplished by modifying &
by an infinitesimal amount. Let € be a parameter of smallness and 1 a finite vector
in the gradp direction which falls to zero in a distance ¢ as one moves normally
away from the interface into the fluid. Write § as

E=E+en. (319)
To lowest order in €

div (en) = n.[n.grad (en)]—[n x (n x grad)]. (en) ~ ||, (3-20)

since 1 changes rapidly in the normal direction. Thus v can be chosen so that &
satisfies (2:32). Furthermore

SW{E,B} = OW{E+en, E+en}
— SW{E,E}+00e), (3-21)

since the integrands of §W{§, en} and §W{en, en} are bounded and are different from
zero only in a shell of thickness e. Therefore, if 0W{E, E} is negative ¢ can be chosen
so small that W{E, &} is negative. Tt is clear that any € and A which do satisfy the
conditions (2-32) and (2:34) can be considered to be members of the unrestricted
class of § and A. Thus, a necessary and sufficient condition for instability is that one
can find a € and A which satisfy only (2-33) at a fluid-vacuum interface and (2:-35)
or (2:36) at a rigid, perfectly conducting boundary and make the potential energy,
(3-16), negative. This completes the proof of the extended energy principle.

The above considerations are closely connected with Rayleigh’s principle (Ray-
leigh 1877). In fact, it can be shown that the Euler equation of the variational

principle . SWIE, )
Kig. 8’

is just the eigenvalue equation (3-8). (Note that & represents a variation due to a
€ deformation, while A is used to represent other variations.) If the form of 6 W is
given by (3-6) then the variation in §, AE, must satisfy (2-32). If, however, (3:16)
is used for §W, then the variations AA and AE are subject only to equation (2:33),
and (2-32) follows as a natural boundary condition.

The utility of Rayleigh’s principle lies in the fact that when the ratio (3-22)
possesses a minimum, it can be used to estimate oscillation frequencies or rates of
growth of instability. For example, those displacements which make §W negative
can be used as trial functions in the variational principle (3-22). Even when «? is
not bounded from below as is the case in certain hydromagnetic instabilities

Aw? = 0 (3-22)
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(Kruskal & Schwarzschild 1954) Rayleigh’s principle can still be employed to yield
information on the structure and time constant of the eigenmodes.

In practice, the examination of the sign of 6W in the energy principle is carried
out in many cases by choosing a positive definite normalization condition on & and
minimizing §W. This is formally similar to (3-22). The great advantage of the
energy principle over both the normal mode technique and its equivalent, Ray-
leigh’s principle, lies in the fact that one is not restricted to the normalization con-
dition K{g,€} = 1, but can choose any convenient condition. Of course, in changing
the normalization condition one loses knowledge of the exact eigenfrequencies
but often gains the advantages of great analytical simplification. In §6, there
appear examples of alternative normalization conditions.

(a) Extension of the energy principle to more general cases

The description of a plasma given above may be inadequate if any of the con-
ditions of validity (i) to (vii) of § 2 do not hold. In many cases of interest condition
(iv), that the stress tensor be isotropic, and part of condition (vii), that the ion
pressure gradient term and the gravitational potential term in Ohm’s law be
negligible, are not satisfied. In this section the formalism is generalized to include
situations in which these conditions are no longer valid.

The new governing equations will be stated and §W derived. It will be found
that the inclusion of the new terms in Ohm’s law does not lead to a change in the
formula for W, when the stress tensor is isotropic.

In these more general cases, the equation of motion (2-1) is

dv
P a
and the valid Ohm’s law, replacing (2-3) is

=jx B——div?—p grad ¢ (3-23)

E+V><B—%divi;;—]—en—grad¢=0, (3-24)

where P is the total material stress tensor and (f): is the ion partial stress tensor.

To derive an equation of state for the case of an anisotropic stress tensor, consider
situations where the magnetic field is so strong that its change over an ion Larmor
radius is small. Then the matter stress tensor p is approximately diagonal in a local
Cartesian co-ordinate system one of whose axes is directed along B, and is invariant
under rotations about B. That is, if e denotes a unit vector parallel to B and 1
the unit dyadic, PN s
p =p,(1—ee)+pee. (3-25)

The internal energy per unit volume is given by one-half the trace of the stress
tensor. Thus, the internal energy per unit mass can be written

U= Uy +u,, (3-26)

=D .
where Uy = 7 (3-27)
and U, = 25 (3-28)
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If collisions are infrequent, «, and %, are independent. Assume that there is no
flow of heat and consider an element of mass contained in the element of volume
dr = dLdS, where dL is an element of length along B and dS an element of area
perpendicular to B. In a displacement & the associated fractional change in length
along a line of force is easily seen to be

2L _ e [E(r+edl) &)
= (e.grad§).e. (3-29)
The corresponding fractional change in area perpendicular to B is readily computed
by observing that it follows from dr = d.dS and éd7/dr = div ¥ that
o0dL édS ddr

AL tas =@ = WE (3:30)
whence %%5 =divg—(e.grad§).e. (3-31)

Thus if there is no heat flow in the course of the displacement, that is, if the dis-
placement is locally adiabatic, one can write
8(u,pd7) = 8(kp,dr) = —p,dSSdL, (3:32)
Ou, pdr) = d(p dr)= —p,dLddS. (3-33)
The terms on the right above represent the external work done. From these expres-
sions follow immediately the equations of state.

o —div - degraaDe |
Il

9, = —2div§+(e.grad§).e.‘

L J

These equations agree with those found by Chew, Goldberger & Low (1956) by an
analysis of the Boltzmann equation, employing somewhat different assumptions.

In order to derive the expression for the change in B due to a displacement &,

consider motions about a configuration of static equilibrium. For clarity the sub-

seript zero is reintroduced to indicate equilibrium quantities. The equilibrium

electric field is

(3-34)

E,= J—?grado ¢0+e£”—divo4l—):c,o~ (3-35)
Lo

Since E, is an electrostatic field its curl must vanish which implies that the right-
hand side of (3:35) is the gradient of a scalar.

Assume that (3-:34) holds with p, and p, replaced by p,, and p,,, and note that in
order of magnitude p;, ~p;, ~ pkT;/ M. Then the change in magnitude of

(M div p;)/ep
in a displacement § from equilibrium, which is not necessarily small, is approxi-
mately M kT, £
© MLL’ (8:36)

where L is a characteristic length over which the various physical quantities change.
The corresponding change in the magnitude of v x B is

w¢B, (3:37)
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where 1/w is a characteristic time of the motion. The ratio of formula (3-36) to
fi -37) i
ormula (3-37) is KT M ’ (3:38)
ww,; L?

where w,; = eB/M is the ion cyclotron frequency. For many systems of interest
w22~ kT;| M, while v <€ w,; by condition (vii) of § 2. Thus the ratio (3-38) is much less
than unity and the ion stress tensor has negligible effect in determining the change
in E from its equilibrium value, although it may play an important role in deter-
mining E,.

The change in B, however, is determined from curl E = —9B/dt. Thus it follows
from the Ohm’s law equation (3-24), neglecting the contribution of the term in
div(i); on the basis of the preceding considerations, that

%]?3 = curl (v x B). (3:39)

Equation (3-39), however, is precisely what one obtains on combining the
induction equation (2-5) with the Ohm’s law of the preceding work, (2:3). Thus, in
those cases where the stress tensor is isotropic, the linearized equations governing
the motion are unchanged by the inclusion in the Ohm’s law of the two additional
terms. Therefore, F{g} and 6 W are also unchanged and the energy principle holds
in the form previously derived.

If the stress tensor is given by (3-25) and (3-34) there exists an energy integral

U= [artip| v+ B +p.+p+08) (340

while (3-34) (3-39), and the law of conservation of mass p = —pdivVv permit one

to express P, B and p in terms of their initial values and §. The expressions do not
involve §. Thus, since the system is conservative there must exist a potential energy
O0W quadratic in § which implies as before that the associated first order force F{§}
is self-adjoint. The energy principle is, therefore, still valid and stability can be
determined by examining the sign of the new dW which is given by

3W=-%fd7g.1v{g}

(.~
= -2~Jd'r|curlA|2

~ 3| doltn. By nCgrad (o, + | B[

. +e.§(p,~p,)n.[(e.grad)§— (§.grad)e]}
+5 [l QP=1. @ x B+, (@ivE®+ (@ivE) (§-grad)p,
+3p,[divE—3q]*+qdiv[E(p, —p,)]—[div (pE)] € .grad ¢
—(py—p,)[e.(gradE).(grad).e—E.(grad e). (grad ) .e
—4g%+e.(grad).(e.grad §) —§.(grade).(e.grad §)]}, (3-41)

where ¢ = (e.grad §).e and the subscript zero distinguishing equilibrium quantities
has been suppressed.
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The boundary condition on A remains as before, (2:33). The jump condition on
the pressure, (2-8), is replaced by
(p.+%| B[ =0. (342)
In some cases collisions are sufficiently frequent to yield an isotropic stress
tensor for the equilibrium, but the collision time is much greater than an oscillation
or instability time. Under such circumstances the stress tensor will not remain
isotropicin the course of a motion but will be determined by (3-34), withp, = p, = p.
Expression (3-41) for 6 W then differs by a positive definite term from the corre-
sponding equation (3-13) for the case where the stress tensor remains isotropic in
the course of a motion with y = §. Hence, the equilibrium is at least as stable.

(b) Comparison theorems

There are various comparison theorems which follow from the energy principle.
Two examples will now be given.

Consider a system (I), a part of which is a vacuum region (a). Compare this with
a system (II), which in the equilibrium state is identical with (I), except that the
part corresponding to () is a zero-pressure plasma. Then if system (IT) is unstable,
so is system (I). To demonstrate this it is merely necessary to note that the expres-
sions for W for the two systems differ only in that the vacuum contribution
%fdf | curl A |2 for region (@) of system (I) is replaced by % j | curl (§ x B) |2dr for
system (II). Suppose &;; and Aj; are trial functions which make the change in
potential energy for system (II) negative. Then for system (I) choose A; = Ay
and &; = &;; except in region (a) and there choose A; = &;; x B, which is a valid
trial function, since it satisfies the boundary conditions on A. This choice makes
oW for (I) also negative.

A second comparison theorem is established by considering two equilibria;
case (I), a fluid region in contact with a surrounding vacuum region which in turn is
enclosed by a rigid perfectly conducting wall; case (II), a fluid region which is
identical with the fluid region of I, but is in contact with a surrounding vacuum
region enclosed in a rigid perfectly conducting wall which either coincides with or
isexterior to that of (I). Assume further that all equilibrium quantities are identical
in the common regions of (I) and (IT).

Suppose that vector fields § and A have been found which make 6 W negative for
case (I). The vector potential A can be assumed to vanish identically on the rigid
perfectly conducting wall enclosing (T) because of (2-:35) and the fact that an arbitrary
gradient can be added to A without changing §W. Clearly the same vector fields
can be employed as trial functions for (IT) with A chosen to be zero in any regions
not common to both systems. Thus system (IT) is certainly no more stable than (I).

4. APPLICATION OF THE ENERGY PRINCIPLE
(@) Procedure

The energy principle shows that the question of stability of an equilibrium
situation is reduced to an examination of the sign of 6W{§,§} for arbitrary dis-
placements . For some equilibria physical reasoning leads to §’s which make
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OW{E, €} negative, and thus settles the question of stability in a simple manner. An
example of this kind is given in § 5. In general, however, it is not possible immedi-
ately to exhibit such a §. In this case a procedure is needed for examining d W {g, £}
for all admissible §’s in a systematic fashion. One tries to make dW{§, &} as small
as possible. Since it is a homogeneous quadratic form in §, one must introduce a
condition to keep its values bounded from below. This condition can be chosen in
any convenient way so long as it does not affect the sign of §W{§, €}. In particular
it can be chosen to lead to analytical simplicity in the minimization. For example,
one can impose normalization requirements like f d7, po€% = 1, or alternatively one
can prescribe n,.§ on the fluid vacuum boundary (where a subscript zero as usual
denotes equilibrium quantities). In the latter case, it is, of course, necessary to
minimize separately for all admissible prescriptions of n,.&.

Consider a plasma surrounded by a vacuum region. A convenient program for
minimization consists of first examining &’s which do not move the interface (i.e.
n,.§ = 0 on the interface). Note that with this boundary condition the surface
terms do not contribute to §W and the non-negative vacuum term is minimized to
zero by choosing A = 0. If W can be made negative, be it by inspection or by
choosing a normalization condition and minimizing, then the equilibrium is
unstable.

Suppose, however, W is non-negative with the above boundary condition
n,.§ = 0. The equilibrium still may not be stable since displacements which move
the boundary may yield a decrease in potential energy. In this case it is convenient
to proceed by prescribing n, . § (not everywhere zero) on the fluid-vacuum boundary,
and minimizing 6W,, and §W; separately. No volume condition like f d7ypo &% = 1is
imposed here. Since 6W,, is a non-negative form whose Euler equation is

curl, curlyA = 0 (41)
it obviously has a minimum.

Assume further, as is often true in practice, that there is a displacement § which
makes §W stationary subject to a given prescription of n,.E. Then this stationary
value must be an absolute minimum and thus unique. To show this let vy be any
displacement which satisfies the boundary condition ny.n = 0. Then

OWplE+n,E+n} = OWp{8, &} + 20W5{E, 0} + oWr{n, ). (4-2)

The assumption that § makes 0W, stationary requires that W, {§,n} = 0, and leads
to the Euler equation F{E} = 0. (4:3)

Now, since ny.n = 0, 6W,{n,n} is non-negative by supposition. Thus §W{E,E} is
a minimum.

Form the scalar product of (4-1) with A, and of (3-3) with &, and integrate over
their respective volumes. The resulting minimum potential energy, subject to the
prescribed boundary values n,.&, is

1 .
oW = gfdo’ono E{yp,div,§—B,.Q,— B,.(§.grad, B,)
+ ﬁo .curl A + ﬁo. (§.grad, ﬁo)}. (4-4)
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This expression, of course, represents the work done against the unbalanced first
order total pressure (p+ 1| B |2) in a displacement of the boundary. Note that 6W
in (4-4) is a functional of n,.§. The program is completed by minimizing (4-4) with
respect to §.n,.

(b) A physical interpretation

The problem of minimizing the volume contribution 6W subject to the boundary
condition ny.§ = 0, under a particular normalization, yields conditions of physical
interest on the minimizing & when V¢ = 0. These conditions are that to first order in
g the fields j and B are tangent to the surfaces p = constant. That this is true to
zero order in §, that is, for the equilibrium quantities, follows from (2:20).

The choice of normalization for the demonstration is motivated by the fact that
it is possible by judicious integration by parts to write

1 .
Wy = EJdTO{I Q,+ny.5j,xn, |2

+7po(divy §)?

—2(n,.8)%j, x n,.(B,.grad,n,)}, (4-5)
where n, is the unit vector normal to the surface p, = constant. It is obvious from
(4+5) that a normalizing condition involving n,.§ alone (e.g. f d7, po(n,.8)2 = 1)
should be sufficient to bound W {E, €} from below. Let § minimize 6 W with such

a normalizing condition. Any small change in §, AE, must leave §W stationary,
if it leaves the norm stationary. From the self-adjoint nature of F, it follows that

A[SW] = — f dr, AE.F{E} = 0. (4:6)

Consider AE’s of the form A = Abj,+AcB,, (4-7)

where Ab and Ac are arbitrary since the normalization condition involves only
§.grad, p,, and j, and B, are orthogonal to grad, p,. Then it follows that the
coefficients of Ab and Ac in the integrand of equation (4-6) must separately vanish.
Now F{g} = {—gradp+j x B};, where the subscript unity means the part first
order in g, so B,.{—gradp+jxB}; =0, (4-8)
jo-{—gradp+jx B}, = 0. (4-9)

Note, however, that it follows on taking the first order part of the identities
B.jxB =0andj.j x B =0, and using j, x B, = (grad p),, that

By.(j x B); + B, .(grad p), = 0, (4-10)
Jo- (i x B);+i;. (grad p)y = 0. (4-11)

Thus if one subtracts (4-10) and (4-11), respectively, from (4:8) and (4-9), there
results, correct to first order in &,

(By+By).[(grad p), + (grad p),] = 0, (4-12)
(io+i1) -[(grad p)o + (grad p),] = 0. (4-13)
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Equations (4-12) and (4-13) express the conditions stated earlier, that to first order
in § the fields j and B are tangent to the surfaces p = constant.
After some manipulation, (4-12) (or equivalently (4-8)) can be rewritten in the

form B,.grad,divy € = 0, (4-14)

which is often useful in practice.

5. STABILITY OF A PLASMA WITH NO INTERNAL MAGNETIC FIELD

Consider a plasma in which the magnetic field vanishes and the pressure is
constant and outside which there is a vacuum region with a magnetic field. Let
¢ = 0. It was suggested by E. Teller (1954, private communication) on intui-
tive grounds that if the lines of force on the interface are anywhere concave to the
plasma the state is unstable to local displacements. This is readily demonstrated
using the energy principle.

Choose a divergence-free displacement § so that

28W =fd~’f|curlA]2——;~fda'(ﬁ.E)2ﬁ.grad]ﬁ|2, (51)

where fi is the normal to the interface pointing towards the plasma. Denote by

R the vector from a point on a line of force to the centre of curvature of the line.

Since, with |R| = R, " | B2
ii.grad | B|2=14.R T

the surface term in (5-1) is negative or positive according to whether or not R points
towards the plasma. If R everywhere points away from the plasma, § W is obviously
positive for all £ and A (even if div €+ 0) and the system is stable.

Consider a point on the interface where R is directed towards the plasma and
construct a local Cartesian co-ordinate system in a small region about this point,
with the z axis normal to the surface and pointing into the vacuum, and the x axis
in the direction of B. Choose the trial displacement g so that

(2,9, 0) = & f(x,y) sin ky, (6-3)
where f is a function of order unity which falls to zero in the small distance a < R
and where ka?> R. Choose also the trial vector potential

(5-2)

A, .2) = e, grad (2 coslyee), (5-4)
which satisfies boundary condition (2-33) where
B = Be,. (5:5)

These choices make the vacuum contribution to 8 W negligible compared to the
surface term. For

2
fd"r‘ | curl A |2 = f d’%{grad fxgrad [g—‘;clj cos ky e"‘z]}
2 R2
fd‘i | grad f |2 §2B2e—2"’2zé’2—f—, (5-6)

while Jdcr @824 RIEL BI ngz 2, (5-7)
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Therefore, 0 W is negative and by the energy principle the system is unstable.

Note that the deformation which produces instability tends to flute the surface
along the lines of force. This moves some of the magnetic lines of force into a region
previously occupied by matter and thus shortens them while only slightly bending
them. The result is a decrease in the magnetic energy with no change in the gas
energy.

Similar results have been obtained independently by H. Grad (1955) and
C. Longmire (1955) (both private communications).

To estimate the rate of growth of this instability in the plasma choose the
displacement

£, =0, &, =E|fcoskyer, &, = Elfsinkyers. (5-8)

This € satisfies divg = 0 to order (ka)~1. Then the kinetic energy form is

_ s PEYAR
2K = [dnp | S

oW 2B2 k
= KT, R (5:9)

and ?
This is unbounded as k approaches infinity.

Gravitational effects are readily included in this case if we assume the fluid to
have constant density but varying pressure in the equilibrium state. This situation
is an extension of the hydromagnetic Rayleigh-Taylor problem (Kruskal &
Schwarzschild 1954) to an arbitrary interface. Choose the trial functions § and A
as before. The surface term in (5-1) is modified by the addition of the term

fdo‘ (fi.g)21i.grad p (5:10)
which, in virtue of the equilibrium relation
gradp = —pgrad ¢, (5-11)
becomes —fdo‘ (fi.8)2phi.grad ¢. (5:12)
The calculation now goes through as before and the situation is unstable if
ﬁ.[R|22I2+pgrad¢]>0 (5:18)

anywhere on the boundary. In the case of a plane interface R is infinite and the
familiar hydromagnetic Rayleigh—Taylor instability criterion is recovered.

6. STABILITY OF AN AXISYMMETRIC SYSTEM

A more general case than that treated in the previous section occurs when a
magnetic field may be present in the plasma. This situation can be treated exactly
for two simple types of axisymmetric equilibrium situations. It is assumed that
gravitational effects are negligible (¢ = 0).

The first consists of a longitudinal current giving rise to a toroidal magnetic field
whose pressure supports a radial material pressure gradient. This is the well-known
pinch effect (see, for example, Kruskal & Schwarzschild 1954).
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The second consists of longitudinal and radial magnetic fields produced by
currents in the azimuthal direction. Again, a radial material pressure gradient is
supported by the magnetic field. The plasma is assumed to be in contact with a
rigid perfectly conducting wall. This equilibrium is studied here. It is shown that
it is possible to reduce the problem of stability to the consideration of an ordinary
second-order differential equation of the Sturm-Liouville type. In fact, virtually
all that is necessary is to find the number of negative eigenvalues which this equa-
tion possesses. In certain limiting cases one can further express the criterion for
stability in terms of simple properties of the equilibrium.

Note that in the previous problem of § 5 either § W is obviously positive definite
or one can easily display trial functions § and A which make it negative. In the
problem of this section, however, it is necessary to examine the sign of 6 W for all
possible displacements §. This is accomplished by first writing § W in a co-ordinate
system natural to the problem and then successively minimizing with respect to
the components of the vector E.

The equilibrium vector potential A, in a fluid of this type (which is to be dis-
tinguished from the first order vacuum vector potential A previously introduced)
has only an azimuthal component, since the current density j is itself azimuthal.
Therefore, if in cylindrical co-ordinates (r, 8, 2) one writes i = rA,(r, z), then

B = curl (eyir/r) = — (1/r) e, x grad . (6-1)

It follows from equation (6-1) that B.grad iy = 0. Thus the lines of force lie in
the surfaces ¢ = constant and also in the planes ¢ = constant. Moreover, if one
chooses ¥r(0,z) = 0, it is readily demonstrated that the magnetic flux interior to
the surface ¢ = constant is 2mmy).

Because of this flux property, it is convenient to employ i as a co-ordinate. In
order to retain an orthogonal co-ordinate system, introduce a function y whose
level surfaces are perpendicular to the surfaces i = constant and 6= constant.
Choose y so that the set (i, 0, x) forms a right-handed orthogonal system. Note
that the volume element in this co-ordinate system is

dr = Jdyrdody, (6-2)
where 1/J = B|grad x| = grady.grad 0 x grad y. (6-3)
Thus grad = rBe, B?ﬁ_" 1 e, ;9 JIB Xaa , (6-4)
rad
where v = Igﬁa% , (65)
_ gradd .
?7 |grad0|’ (6-6)
grad y .
" lgrady|’ D
Then, by (2-21) and (2-20),
0
i= e,,;w (JB?) = je, (6:8)
and gradp = jx B = eff a?/f (J B?). (6-9)

3 Vol. 244. A.
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Thus the pressure p is a function of ¥ alone and if differentiation with respect to
yr is denoted by a prime, (6-9) can be written
(InJB?)’" = —p'| B2 (6-10)

Therefore J="1e -dewl’i 611
erero —.B2 XP 0 .B2 H ( )

where the constant of integration (which is an arbitrary function of y) has in-
cidentally been chosen to make y reduce to the magnetic scalar potential when

p=0.
Note that it follows from (6-8) and (6-9) that

P =jr (6:12)

and j/r is constant along a line of force.
Using these results the potential energy for the system is

oW = oWy

=—fd1ﬁd0d J{[ BT 7% "ng)]2+[ ( )]2
+Bz[a¢(”3§¢)+ aa( )]2

+p'rBE, [aw (rBEy) + 755 ( 0)]

+ g+ 25 (7)o ()]

25y [a UBE D+ 5 (‘»’?)

+ 35 TEEN): (6:13)

Assume that the equilibrium quantities appearing in (6-13) are periodic over some
fundamental period in y which is equivalent to periodicity in z and also impose the
boundary condition that § be periodic in y over this period. All definite integrals
with respect to y are to be understood as extended over this period. The last term
in (6-13) then integrates to zero.

Now proceed to minimize dW over all displacements §. First note that the
integrand in (6-13) depends on & only via E. This suggests Fourier analysis of § with
respect to 6. Write € in the form

E= 35Xt 0,

Sin
&= 3 L, x){ sin }me+§°’(¢,x),
£~ T B2, {°°S} (6:14)

The potential energy 8W is to be minimized over the set (X, ¥,ns Zm» £3)-
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Upon integration with respect to 8, the cross terms of the double series vanish and

SW = sWy+2 3 oM, (6-15)
m=1
1 (0X,\2 1 r%/0Y,)®
— 1. S 5T -
where oW, = 3m dXd?ﬁ{r%B%]( ox ) +m2J (ax)

+B2J(a¢ +Y) pIX (aw Y)

+7’p[ S5 X+, ﬁ%}

, 0X,, oJ
(1, o)), @16)
and 46, is obtained by replacing Y, in (6-:16) by mED/r and setting m = 0.

Since for each m, §W,, depends only on the set (X,,,Y,,, Z,,), it can be varied in-
dependently. It is clear from (6-16) that if 61, can be made negative then 6W,, .,
can also be made negative. Thus it suffices to consider only the limiting case m = co.
Do so and suppress the subscript co. After some algebraic manipulation, (6-16)
becomes

1 [oX olnd p'2X?
W = ta[ dydy J{TZBsz( ) +p Dot
4 1 olnJ 4 19Z p'X )
B2+ (yp)t oy Joxy B?

0X X(p'+ypolnd[oy)+ (yp/J) 8Z/8X]2

2 - .

+(B +yp)[Y+w+ Brtp } (6:17)

For arbitrary fixed trial functions X and Z the expression above is minimized
with respect to Y by choosing

, olnJ\ ypoZ] ., - )
-Y -? [X(p +ypw)+ 7 BX] (B2+yp) (6-18)
which makes
1 [oX J 10Z72
=1 ‘DX2J 4 2 Bt
oW = iwr|dyrdy {r2B2J(8 ) +pDXJ+B i (y )_I[XD+J8X]},
(6-19)
olnJ p' 2 0 .
where D=—- azﬁ —B = Bzawp(p“B)
= ————e!, [B.grad B] (6-20)

is positive or negative at a point y, ¥ according to whether the line of force through
that point is concave or convex towards the side of smaller . Consequently, the
system can be unstable only if somewhere a line of force is concave toward the side
of larger p.

Equation (6-18) corresponds to (4-13) of the general minimization scheme, the
content of which is that the minimizing displacement is such that the perturbed
current density j lies in the perturbed constant pressure surfaces.

3-2
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Next, the Euler equation resulting from minimizing (6-19) with respect to Z for
fixed X reads 2 '

e (P a5 = (©21)

This equation corresponds to (4-12), the content of which is that the perturbed lines
of force lie in the perturbed constant pressure surfaces. Equation (6-21) yields on
integration with respect to

0Z 1

= ( = ) Jf() = IDX. (6-22)

The constant of integration f(1/) is determined by integrating (6-22) with respect
to x, namely,

1) = g7 i | DX, (6-23)

where L = 277de3—2, V' =2m|dyJ.

Note that V’dy is the volume contained between two neighbouring constant
Y surfaces.
The minimum § Wnow is

. 10X\, e, ] N
OW = | dy | apay (5, ) +#IDXE 4y [ AL+ ). (624

The integrands above do not contain any derivatives of X with respect to .
Thus one can consider ¢ to be merely a parameter and write

oW = f Ay sW (), (6-25)

where 6W (i) depends only on the values of X on the surface 3. Consequently W
can be made negative if and only if §W (y) can be made negative for some value of .

Asin § 4, it is necessary to normalize X to achieve a well-posed minimum problem.
An analytically simple normalizing condition is

H = | dyJ X2 = 1.

The minimization of §W(i/) under this normalization is equivalent to minimizing

1, VY 1 [pX\® 2]
L g (£ +55) 7+ [ () +70x
H deJX2

Note that L/, V' and J are all positive and only the term involving D can make
A negative. It is possible to derive a sufficient condition for instability from (6-26)
by choosing X to be constant in y. Then

A =y LY (V49 fyp).
V' rypL’

(6-26)

(6-27)

and if for any value of ¢ this expression is negative the system is unstable.
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In certain limiting cases it is possible to derive necessary and sufficient stability
criteria directly from (6-26). In general, however, one must proceed with the
formal minimization program.

The Euler equation resulting from the minimization of A is

9 ( 1 oX
oy \r2B2J ox
where the variation in f has been computed from (6-23).

It is possible to derive from (6-28) certain general criteria for stability by ex-

panding its solutions in terms of the eigenfunctions X; of the Sturm-Liouville

equation
: 2 ( 1 0K,
ox \r2B2J oy
obtained by omitting the integral on the right-hand side of (6-28).

) +(A—p'D)JX = JDf, ' (6-28)

)+ (A, —p'D) X, =0, | (6-29)

Fieure 1. Schematic plot of F(A) against A.

By the Sturmian theory (Ince 1944) the X; comprise a complete set of eigen-
functions with associated eigenvalues A;. The A; are all distinct and can be arranged

in an infinite increasing sequence Ay, A,, .... Note that the X; can be normalized
such that
Thus one can write X =2b;X,, (6-31)
Then there results upon substitution in (6-28) ’
—2b;(A;—A)JX; = fIZa; X, (6-33)
and in virtue of (6-30) it follows that
—b;(A;—A) = a;f. (6-34)
But if one substitutes (6:31) and (6-32) into (6-23) and then employs (6-30) and
(6-34) one finds 1 v’ a?
A+ = J .
27T(L +yp) gy (6-35)




38 I. B. Bernstein and others

The roots of (6-35) determine the possible values of A. Denote the right-hand
side by F(A) and plot it versus A. Note that dF/dA < 0. If none of the a, is zero the
graph is as in figure 1 and the intersections of this curve with the horizontal line
F(A) = (3m) (I + V'[yp) are the eigenvalues A; of (6:28). If a; = 0 for some j, the
associated branch of F(A) is not present in the diagram. It follows in this case from
(6-34) that the associated root is A = A;. This is also the result which one would
obtain if one considered the limit as a; — 0 of the associated intersection of the graph.

Clearly from figure 1, A; < A; <A, <A,.... Thus if A, is positive, so are all the
A;’s while if 2, is negative, then A, is negative. If A, is negative and A, positive,
then the sign of A, is not obvious. However, it is possible in this case to derive a
criterion for the sign of A,. Integrate (6-29) with respect to y. There results

Thus F(O)—_zfﬂ%_..z;‘_‘ifd JX __}_fd JD
‘ A‘L pl X 1 pl X
L R A S 7 _
= —EJ‘dX(J -p ?) = -—'277_?4"2;. (6 37)

Now assume that A; <0, A,>0. Since A, is determined by the condition
1 ’ !
F(Ay) = 5 (L' + V'[yp)

and F(A) is monotonically decreasing in the interval A; <A <A, ..., it is clear that
if F(0)> (1/2m) (L' + V' [yp) then A, >0 and conversely. But

’ 'VI 'VII !
PO =5 (L 710) 2’ (V' " —) (©:38)
One can write A 20>A;20,

Vo vr o op'\ _
A <0<A,>A =0 as %’(7+'}%)§0’

A <0>A;<0. (6-39)

In three limiting cases stability criteria can be obtained directly from (6-26),

(i) if the material pressure is small compared with the magnetic pressure (i.e.

2p < B?), (ii) if the surface i = constant under consideration lies close to a cylinder
and (iii) if the pressure gradient is large.

(@) Case 1
Consider all quantities to be expanded in some parameter of smallness which
essentially measures 2p/B? and write
p=0+pV+..., X:X(°)+X(1)+...,}
B=B9+BV+ ..., A=AO+A®4 |
with similar expressions for other quantities. There results from (6-26) to lowest
order, .

(6-40)

(0)y]12
AO| dy JOX©2 = f dy [r<0>B(1 [a‘;; ] . (6-41)

02 JO
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Clearly A© is minimized by choosing X© constant in x, which yields A©® = 0. This
expresses the fact that the lowest order equilibrium is neither stable nor unstable,
but neutral. Proceeding to the next order we find

AD| Ay JOXO2 = yer
2myp®

fae 4 f dypV’ DOJOXO2, (6:42)

which by employing (6-23) can be reduced to

yorryer  pay
%04 [V(O)' + 7,10(1>] :
The sign of A® determines stability in this case. Equation (6-43) agrees with the
criterion of (6-39) in the case 2p/B2< 1, since if V"p’ > 0, A, > 0 and both equations
yield stability, while if V"p’ <0, A; <0< A, and (6-43) agrees with the second part
of (6-39).

AD = yp® (6-43)

(b) Case IT

Consider a surface i = constant. Denote by R the radius of curvature of a line
of force, by L the characteristic length for the variation of equilibrium quantities
along a line of force, and by a the characteristic distance in which the pressure
changes by an amount comparable with itself. Assume that everywhere on this

surface i = constant, Lor/Rat<1, : (6-44)

in which circumstance the positive term in A proportional to (0.X/0x)* dominates,
unless 0.X /0y = 0 to lowest order in the parameter of smallness. Thus one is led to
choose X© = constant. This leads immediately as in (6-27) to the first-order

lt 1/ !’ ! n ! !’ n ’
rest A = yp(V'—p'L') (V"|V' +p'Jyp) (V" +ypL) . (6-45)

Equation (6-45) reduces to (6-43) in the limit of small p. If L?/Ra?< 1 for all surfaces
Y = constant, then that (6-45) be negative on some surface is a necessary and
sufficient condition for instability, otherwise it is only sufficient. Relation (6-44)
is obviously satisfied if the surfaces are very nearly cylindrical.
Equation (6-20) gives an estimate as to the order of magnitude of E. If the two

terms in the first line of (6-20) do not cancel, one obtains

R~ a?r. (6-46)
However, if they do cancel, as in the case of the cylinder, R is an order of magnitude
larger. With this reservation, (6-44) reduces to

r<a?|L. (6-47)
Equation (6-45) is thus valid, for any equilibrium, for yr surfaces close enough to
the cylindrical axis.

(¢) Case I11

Consider an equilibrium such that everywhere on some surface i = constant
| grad p | > B2R/S?, (6-48)

where R again is the magnitude of the radius of curvature of a line of force and § is
the distance over which it has the same sign. Assume that there is some region on
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this surface for which p’D < 0 and construct a trial function X which is zero outside
of this region and varies smoothly within it. Then inequality (6-48) guarantees that
the term in p’D in (6-26) dominates and the associated A is less than zero. Thus the
equilibrium is unstable. In the appropriate limit this case corresponds to the
complete separation case of § 5.

The authors are indebted to Dr Liyman Spitzer, Jr for enouragement, criticism
and stimulating discussion.
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